Abstract: We consider semi-excited resonances created by a periodic orbit of hyperbolic type for Schrödinger type operators with a small "Planck constant". They are defined within an analytic framework based on the semi-classical quantization of Poincaré map in action-angle variables.
Introduction and main hypotheses
Let M be a Riemannian manifold. We wish to construct quasi-modes associated with a periodic orbit γ 0 for a h-PDO H w (x, hD x ; h) on L 2 (M ) with Weyl symbol (1.1) H(x, ξ; h) = H 0 (x, ξ) + hH 1 (x, ξ) + h 2 H 2 (x, ξ) + · · · This problem has a rich history, starting from the pionnering works of [Ba] , [BaLaz] followed by [GuWe] , in case of a periodic orbit of elliptic type for the geodesic flow on M . For more general
Hamiltonians this was done by [Vo1] and [Ra] . The success of the method consisting in making the so-called "Gaussian beams ansatz", or the "beam optics approximation", relies on the fact that quasimodes are microlocalized on γ 0 ⊂ {H 0 = 0}, or more precisely on the family γ E of elliptic periodic orbits belonging to nearby energy surfaces {H 0 = E} (energy level reference is set to 0).
In trying to extend this method to the case of a periodic orbit of hyperbolic type, one is faced with the difficulty that a quasi-eigenfunction concentrated near such a γ 0 would have a complex eigenvalue.
On the other hand, because of local energy decay, there is no invariant density on the stable or unstable manifolds J ± associated with the family γ E . This prevents the existence of quasi-modes concentrated on J ± as well. Nevertheless it is still possible to derive semi-classical Gutzwiller-type trace formulas microlocally near γ 0 (i.e. by averaging over energy), whenever γ 0 is elliptic or hyperbolic, see [SjZw] .
The problem of constructing quasi-modes in the hyperbolic case disappears in the framework of resonances instead, allowing for complex eigenvalues, provided the Hamiltonian flow escapes to infinity for data outside the trapped set K E at energy E; periodic orbits γ E are actually trapped sets of simplest type.
Resonances associated with hyperbolic orbits in the context of the wave equation outside some convex obstacles were considered in [Ik] and [Gé] , and later extended to the case of h-PDO in [Vo2],
[GéSj], [Sj2] and [NoSjZw] . The latter paper deals not only with a periodic orbit, but also with more general hyperbolic flows with compact K E , provided it is topologically one dimensional.
In this work, we are interested in the situation K 0 = γ 0 already considered in [GéSj] , considering higher excited states, and allowing for a center manifold. Actually, our constructions rely heavily on [Sj] and [NoSjZw] .
Let us formulate now the problem more precisely. Let M be a real analytic manifold, H(x, hD x ; h) a h-PDO self-adjoint on L 2 (M ) with real analytic coefficients, and Weyl symbol of the form (1.1).
We think here especially of M = R n , but resonances can be also defined on more general M , e.g.
Riemannian manifolds with negative curvature (see examples below). The principal symbol H 0 is the corresponding classical Hamiltonian, and H 1 the sub-principal symbol. Assume
where X H 0 denotes the Hamilton vector field. This means that X H 0 has no fixed point on Σ 0 = {H 0 (x, ξ) = 0}, and hence on nearby energy surfaces Σ E = {H 0 (x, ξ) = E}. Write H = H 0 for short, so long we are only interested on the classical Hamiltonian. Define the trapped set at energy E as : the space C 2(n−1) has decomposition into symplectically orthogonal spaces
with E ±1 symplectic, E λ j , E 1/λ j isotropic for λ j = 1, −1 [here we do not count ±1, λ j , 1/λ j with their multiplicity, but as distinct eigenvalues]. We know that E ± and more generally, E λ with real λ are invariant by complex conjugation Γ : (x, ξ) → (x, ξ), and if λ is not real, either (1) |λ| = 1 and λ, 1/λ, 1/λ are also eigenvalues, and E λ ⊕ E 1/λ ⊕ E λ ⊕ E 1/λ is the complexification of a real symplectic space; or (2) |λ| = 1 and E λ ⊕ E 1/λ is the complexification of a real symplectic space. Since we need to define the logarithm of A, we shall assume (1.4) E ±1 = {0}, and E λ = {0}, ∀λ ≤ 0 though negative eigenvalues λ ≤ −1 might occur if the center manifold is not orientable (see [Sj2] ).
These eigenvalues are called Floquet multipliers; these with |λ| = 1 are called elliptic, those with |λ| = 1 hyperbolic.
Provided (1.4) holds, it can be shown [IaSj] that we can make sense of B = log A as a real matrix, anti-symmetric with respect to the symplectic 2-form σ, i.e. For simplicity, we also assume that b is diagonalizable, which is the case when r = n − 1. Denote by F µ j the eigenspace corresponding to µ j . It is possible to recombine the decomposition of C 2(n−1)
as above into unstable F + or stable spaces F − ; namely let
Lagrangian subspaces of C 2(n−1) invariant under the Hamiltonian flow X b , and if θ > 0, e −iθ X b is "expansive" on F + , "contractive" on F − . We know also that F ± are dissipative in the sense 1 2i σ(u, u) > 0 for all u ∈ F ± , u = 0. They are known as the linear (reduced) Maslov germ. This decomposition of C 2(n−1) into invariant subspaces holds for A = e B as well.
In a diagonal, real basis, b(ρ) assumes the form of a linear combination of elementary quadratic polynomials. When all µ j belong to the imaginary axis ("completely elliptic" case) the corresponding symplectic coordinates are known as Poincaré coordinates, or harmonic oscillator coordinates. The partial hyperbolicity assumption reads
The hyperbolic dimension is defined as the number of j's such that (1.5) holds. We make also the non-resonance assumption:
Note that when n = 2, and µ 1 elliptic, the non-resonance assumption just states that iµ 1 (the rotation number on Poincaré section) is irrational. For later purposes, we introduce the additional strong nonresonance assumption r = n − 1 and:
Poincaré map is actually related to the variational problem as follows: let H ′′ (ρ) be the Hessian of
Hypothesis E 1 = {0} (see (1.4)) means that 0 has multiplicity 2 in Spec(J H ′′ )(ρ), or equivalently the kernel of the differential of the symplectic map P 0 = exp T 0 X H at ρ 0 consists only in the Hamiltonian vector field X H (ρ 0 ). This makes together with (1.5) the non degeneracy condition, which guarantees that for |E| ≤ ε 0 , there is a one-parameter family of periodic orbits K E = γ E ⊂ H −1 (E), all of hyperbolic type, all transverse to Σ, their period T (E) depending analytically on E. The corresponding Poincaré maps P E : Σ E → Σ E enjoy the same properties as P 0 , with same hyperbolic dimension.
One could try to take right away H to its "Birkhoff normal form" microlocally near γ; this is a strategy followed in [Sj2] when n = 2. For higher dimensions, we might use the reduction of a system with periodic coefficients to a normal form, see [ArKoNe, Sect.8.4 .2] and references therein, and then quantize it; instead we construct the monodromy operator M(z) associated with H(x, hD x ; h) as in [NoSjZw] , also for complex energies z with | Im z| = O(h δ ), 0 < δ ≤ 1. This reflects the physical fact that Poincaré map actually carries most of relevant information in such a dynamical system.
Microlocal reduction of H near γ, quantum monodromy and the Grushin operator
Under Hypothesis (1.2)-(1.3) on H and (1.4)-(1.5) on the linear flow (i.e. the flow of X b ) we shall define M(E) as a h-FIO which quantizes Poincaré map.
To start with, we proceed somewhat formally, ignoring the analytic dilations and Lagrangian deformations required to define resonances in a proper way. As H(x, hD x ; h) is of real principal type, for all ρ ∈ γ 0 , there is a local canonical transformation κ U :
all equalities between operators are understood in the microlocal sense, and modulo smoothing operators, the regularity being clear from the context; we refer to [Iv] for the general calculus of h-PDO's and h-FIO's. ) Thus, Poincaré section near ρ can be
, where χ Ω is a smooth cut-off equal to 1 near Ω. It is readily seen to be a h-FIO such that (H − z)K(z) = 0 in Ω ′ ⊂⊂ Ω, and propagating in the "backward" direction.
Let also χ ∈ C ∞ (R) be a smooth step function, χ(x n ) = 0 for x n ≤ − ε /2, χ(x n ) = 1 for
is localized in the region of the step we have the normalization property
which is independent of the precise choice of χ as above. We shall denote by H( Σ) the space of L 2 fonctions microlocalized on Σ, and similarly with Σ, Ω, etc. . . This normalisation carries to H(Σ) (the set of transversal data) through
where the symbol χ is such that χ w = U χ w U * . Thus the LHS defines (microlocally) a norm on H(Σ), called the quantum flux norm, and we have
, where the subscript f has been added to underline the fact that R + (z) propagates singularities in the "forward" direction. Similarly,
acting on transversal data, and χ b is defined as χ f , with χ b = 1 on a neighbhd of supp χ f . This is again a h-FIO propagating in the "backward" direction.
We next define monodromy operators acting on transversal data. Following [NoSjZw] it may be convenient to introduce another Poincaré section, so we take ρ 1 = exp(T 0 /2)X H (ρ 0 ) ∈ γ 0 and Σ 1 the Poincaré section passing through ρ 1 ; we label henceforth by subscript j = 0, 1 all the local objects defined before belonging to ρ j , adding E as an argument if we want to stress also they belong to energy E. This operator contains most of information relative to the Grushin problem near γ 0 , that we formulate as follows [NoSjZw] . Consider (formally)
. This is a Fredholm operator of index 0, and its inverse is given by
, where
Id 0 , Id j is the identity of H( Σ j ), and
dt is a forward parametrix, where τ > 0 is chosen small enough, say τ = 4 ε.
Thus, Ker(H − z) = 0 iff Ker(Id −M 0 (z)) = 0. We don't specify the domain of these operators, since they will have to be modified to take analytic distorsions and Lagrangian deformations into account.
Logarithm of M 0 (z) and semi-classical LSNF of Poincaré map
Here we construct the "logarithm" P of M 0 (z) as a h-PDO. Thanks to (1.7) we shall then be able to take P to its Birkhoff normal form (BNF) and M(E) to its Lewis-Sternberg normal form (LSNF).
Again we begin to ignore Lagrangian deformations (due to the fact that we deal with complex energies) and proceed in a formal way. We work locally on Σ 0 . Let P 0 Poincaré map satisfy (1.3)-(1.6), P 0 (ρ 0 ) = ρ 0 , µ j its Floquet exponents, and p 0 (ρ) = b(ρ). As before, consider a local chart in M where the cross section is Σ and ρ 0 = 0. We know [IaSj, Thm 1.3] that there exists (a unique)
. Actually this holds for the family P E , |E| small enough, p depending smoothly on E, and such that ρ → p(ρ, E) has a non critical degenerate point at ρ E . Assume as before (for simplicity) the µ j are semi-simple, i.e. allows to construct the reduced complex Maslov germ from its linear part. Namely, for θ > 0 is small enough, there are X p -invariant complex Lagrangian manifolds Λ ± passing through ρ 0 , such that
, ρ 0 is repulsive (resp. attractive) for e iθ X H , and p| Λ ± = 0.
We can also find complex symplectic coordinates (ζ, ζ * ), Λ + = {ζ * = 0}, Λ − = {ζ = 0}. In these coordinates p(x, ξ) = B(ζ, ζ * )ζ, ζ * where B(ζ, ζ * ) is a (n−1)×(n−1) matrix with smooth coefficients such that d B(ρ 0 ) = B. For corresponding real symplectic coordinates, since
we can split p(x, ξ) as an "elliptic" (in the "harmonic oscillator" coordinates) plus an "hyperbolic"
term.
Having brought the canonical transform of M(z) to the form exp X p (ρ), following [IaSj, Thm 3.2] we proceed to take M(z) itself to the form e iP w (x,HD x ;z,h)/h (modulo smoothing operators), where the symbol P of P w (x, hD x ; z, h) has principal part p. This is done by a deformation argument, starting again from the metaplectic operator associated with the linearized Poincaré map.
At last we make use of the non-resonance condition (1.7) on Floquet exponents to bring P w (x, hD x ; z, h) in its Birkhoff normal form, using ζ, ζ * coordinates. This is done as in [IaSj, Sect.4] , the action variables ι j , j = 1, · · · , n − 1 being the elementary quadratic polynomials that build up b(ρ).
Thus there is a h-FIO V (z) microlocally unitary on H( Σ 0 ) (for real z), and a symbol F (ι; z, h) ∼
Since we will allow z to take complex values, and all operators we have constructed so far depend on z, with | Im z| = O(h δ ) (which is the expected width of resonances), we need to consider their almost analytic extensions in the complex domain, with suitable growth. In particular, all cut-off functions above will have to be chosen in suitable Gevrey classes G s (R n ), with 1 − 1 s < δ. We refer to [Ro1] for the overall strategy, but here we need to extend deformations of h-PDO's to h-FIO's; see also [SjZw] and references therein for the C ∞ case.
Lagrangian deformations and resonances
Remembering now that we actually deal with resonances, first we carry on H w (x, hD x ; h) an "analytic dilation" outside of the trapped set γ 0 and apply the considerations above (without any change) to the "dilated" (non self-adjoint) operator H w θ (x, hD x ; h) for small θ. We give below the strategy of the proof.
Resonances are actually the (complex) eigenvalues of H w θ (x, hD x ; h), which we need to make (microlocally) elliptic outside of the trapped set K E = γ E by introducing some local L 2 weighted spaces.
Taking (1.3) into account implies that outside any neighbhd of γ E , there exists an escape function,
i.e. a smooth function that grows along the Hamiltonian flow Φ t (ρ) = exp tX H (ρ) (see [GéSj] ).
Because of the properties of the Grushin operator considered in Sect.2, the main task will be to extend M 0 (z) to some local L 2 weighted spaces, and construct first an escape function on the Poincaré section near ρ E for the "logarithm"P w θ (x, hD x ; z, h) of M(z). In other words, we put a weight on H( Σ 0 ) × H( Σ 0 ), so that E −+ (z) = − Id 0 +M 0 (z), acting on the corresponding space, will have the right behavior.
As in [Sj1], [KaKe] we can construct g(ρ), ρ ∈ Σ 0 , a "conjugate" quadratic function to the principal symbol p = p 0 of P (x, hD x ; z, h), that depends only on the action variables ι ′′ corresponding to eigenvalues µ j with Re µ j > 0, namely X p g(ρ) ∼ |ρ| 2 on p(ρ, E) = 0. where P g has "leading symbol" p g = p + iX p g s . This is a h-FIO with complex phase, acting naturally on polynomials in the action variables ι , and whose eigenfunctions are (formally) of the form ι α , α ∈ N n−1 .
Similarly, we analyse the action of E + (z; h) on H g ( Σ 0 ) × H g ( Σ 0 ). We consider also H(T ), where
T is a thin "tube" around γ 0 , and a corresponding weighted space H G (T ), where G is the flow out of g through X H . Operators E(z; h) and E − (z; h) are again well-behaved on this space, and it follows easily that Grushin problem is well-posed near γ 0 . Non trapping condition (1.3) also shows that this holds globally. We can so far summarize our constructions, generalizing a result of These resonances, lying on "strings" in the lower-half complex plane, are labelled by a "longitudinal quantum number" (given by Bohr-Sommerfeld quantization condition along the periodic orbit) and "transversal quantum numbers" α ∈ N n−1 corresponding to the excitation modes on a cross-section. The precise quantization rule, including the determination of Gelfand-Lidskii, or
Conley-Zehnder indices, will be given elsewhere.
Applications
Hyperbolic periodic orbits occur in many physical examples: (1) H = −h 2 ∆ + |r| −1 + ax 1 on R n (repulsive Coulomb potential perturbed by Stark effect) near an energy level E > 2/ √ a. (2) When M is a 2-D Riemannian manifold there is a closed geodesic that minimizes the energy integral, and a theorem of Poincaré (see [MoZh, p.169] says that its Floquet multipliers λ, λ −1 are real (in higher dimensions, hyperbolic dimension ≤ 1 is the rule [A] ). Our theory applies e.g. if M is the one-sheeted hyperboloid in R 3 , and γ 0 its "equatorial" circle. (3) The "hip-hop" orbit [LeOffBuKo] in the 2N body problem with Newton potential is a hyperbolic periodic orbit. It would be suitable to extend this example to Coulomb-like potentials.
